Minimal situations constitute a classical theme in group theory. Not only do they arise naturally, but they also provide valuable hints in searching for general patterns. In this paper, we are concerned with character degrees. One of the key results on character degrees is the Itô-Michler theorem, which asserts that a prime p does not divide the degree of any complex irreducible character of a finite group G if and only if G has a normal, abelian Sylow p-subgroup. In [Isaacs et al. 2009 ], Isaacs together with the fourth, fifth, and sixth authors of this paper studied the finite groups that have only one character degree divisible by p. They proved, among other things, that the Sylow p-subgroups of those groups were metabelian. This suggested that the derived length of the Sylow p-subgroups might be related with the number of different character degrees divisible by p. However, nothing could be said in [Isaacs et al. 2009 ] on how large p-Sylow normalizers were inside G. (As a trivial example, the dihedral group of order 2n for n odd has a unique character degree divisible by 2, and a self-normalizing Sylow 2-subgroup of order 2.)
In this paper, we go further and completely classify the finite groups with exactly one irreducible character of degree divisible by p. Our focus now therefore is not only on the set of character degrees but also on the multiplicity of the number of irreducible characters of each degree. In Section 1, we define the terms semiextraspecial, ultraspecial, and doubly transitive Frobenius groups of Dickson type.
Main theorem. Let p be a prime, and let G be a finite group. Then G has exactly one irreducible character of degree divisible by p if and only if one of the following statements holds:
(i) p = 2 and G is an extraspecial 2-group.
(ii) p = 2 and G = S 4 .
(iii) p = 3 and G is the semidirect product of SL 2 (3) acting on its natural module ‫ކ(‬ 3 ) 2 .
(iv) G is a doubly transitive Frobenius group whose Frobenius complement has a nontrivial cyclic normal Sylow p-subgroup.
(v) p is odd and G = H K , where K = F(G) is an ultraspecial q-group for some prime q = p, H has a normal cyclic Sylow p-subgroup P, P acts trivially on K and G/K is a doubly transitive Frobenius group of Dickson type.
(vi) G = HP, where P is a normal semi-extraspecial Sylow p-subgroup and H is a group of order |P | − 1 so that HP is a doubly transitive Frobenius group.
(vii) Either G is PSL 2 (q) or SL 2 (q) or there exists a minimal normal elementary abelian p-subgroup V of order q 2 in G so that G/V = SL 2 (q) and V can be viewed as a 2-dimensional irreducible module of G/V over End G/V (V ) ∼ = ‫ކ‬ q 2 , where q = p a ≥ 4 is a power of p. (viii) p = 3 and G = S 5 .
(ix) p = 3 and G = M 11 .
Inspecting the groups listed in the main theorem, we see that either these groups have normal Sylow p-subgroups or their Sylow normalizers are maximal subgroups. Thus, as a corollary of the main theorem, we obtain:
Corollary. Suppose that G is a finite group with exactly one irreducible character of degree divisible by p. Let P ∈ Syl p (G). If P is not normal in G, then N G (P) is maximal in G.
This corollary suggests that, perhaps, the number of irreducible characters of G of degree divisible by p is bounded by the length of any saturated chain of subgroups between N G (P) and G.
We now mention a connection of this problem with block theory and Brauer's height zero conjecture. We suppose that G is a group and that G has only one irreducible character whose degree is divisible by p. If G has more than one block, then there must exist at least one block where all the characters have height zero and this block will have maximal defect; in particular, take any of the blocks not containing the character whose degree is divisible by p. Since such a block has maximal defect, its defect group will be a Sylow p-subgroup of G, and then Brauer's height zero conjecture, if true, would imply that the Sylow p-subgroup must be abelian. Thus, in light of Brauer's height zero conjecture, we would expect that either our group would have abelian Sylow p-subgroups or that the principal block is the only p-block.
By the Gluck-Wolf theorem (Theorem 12.10 of [Manz and Wolf 1993] ), we know that Brauer's height zero conjecture is true for p-solvable groups. Thus, it is possible that the Gluck-Wolf theorem might give a different approach to proving our result for p-solvable groups (but probably not shorter). In particular, if G does not have a single p-block, then we know that G must have abelian Sylow p-subgroups. If G does have a single p-block, then O p (G) = 1, and so O p (G) > 1. In particular, if O p (G) is not abelian, then all the nonlinear irreducible characters in Irr(O p (G)) must be conjugate in G. On the other hand, by Theorem A of [Isaacs et al. 2009 ], we know that a p-solvable group G having only one irreducible character degree divisible by p and O p (G) nonabelian must have that O p (G) is a Sylow p-subgroup. Thus, our theorem could be viewed as classifying those groups G having a normal Sylow p-subgroup P where all the nonlinear irreducible characters of P are G-conjugate.
This suggests that it might be worth studying the following problem which looks to us to be difficult: classify the pairs (G, N ) with N normal in G such that all the characters of N with degree divisible by p are conjugate in G. A closely related problem would be to classify the groups G where all the irreducible characters of G with degree divisible by p are Galois conjugate. While we hesitate to predict what such a classification would look like, we observe that an extraspecial p-group for any prime p will be an example. We expect that the p-solvable examples that are not nilpotent will involve Frobenius groups and a careful analysis of the conjugacy of elements of order p as in our examples. For the non-p-solvable groups, one would begin by looking at the simple groups having the property that all irreducible characters whose degrees are divisible by p are conjugate (under outer automorphisms or under Galois automorphisms). Using the classification of finite simple groups, one can show that the only nonabelian simple groups with this property are PSL 2 (q), J 1 , and M 11 (see Corollary 7.5 of [Isaacs et al. 2009] ). In fact, [Isaacs et al. 2009 ] studied a somewhat more general condition. The stronger condition that all nonlinear irreducible characters of the same degree are Galois conjugate was treated in the recent paper [Dolfi et al. 2013] .
Our paper is structured as follows: in Section 1, we classify the p-solvable groups with exactly one irreducible character of degree divisible by p. The classification is first proved under the additional hypothesis that the group is solvable. We then produce examples of solvable groups that satisfy conclusion (vi) of the classification. The classification is then proved under the hypothesis that the group is p-solvable, but not solvable. This case is split depending on whether the Sylow p-subgroup is abelian or nonabelian. We also find some additional constraints when the group is not solvable, but it is p-solvable and has a nonabelian Sylow p-subgroup. We construct p-solvable groups that are not solvable and satisfy conclusion (vi) of the classification. Finally, in Section 2 we take care of the classification of the non-p-solvable groups.
p-solvable groups
In this section we state the classification for p-solvable groups. In Section 2 of [Dolfi et al. 2009 ], the reader can find definitions of the relevant terms below. Recall that P is a semi-extraspecial p-group if P/N is an extraspecial p-group for every subgroup N in Z(P) with |Z(P) : N | = p. It is known that if P is a semi-extraspecial p-group, then P = Z(P) = (P) and Z(P) is elementary abelian. Also, |P | 2 ≤ |P : P |. For details, see [Fernández-Alcober and Moretó 2001] , for instance. A group P is ultraspecial if P is a semi-extraspecial p-group that satisfies |P | 2 = |P : P |. In this section, we prove the following result, which is the p-solvable portion of the main theorem. Theorem 1.1. Fix a prime number p, and let G be a finite p-solvable group. Then G has exactly one irreducible character of degree divisible by p if and only if one of the following holds:
(iii) p = 3 and G is the semidirect product of SL 2 (3) acting on its natural module.
(v) p is odd and G = H K where K = F(G) is an ultraspecial q-group for some prime q = p, H has a normal cyclic Sylow p-subgroup P, P acts trivially on K and G/K is a doubly transitive Frobenius group of Dickson type.
Clearly, the groups in conclusions (i), (ii), and (iii) exist and are solvable. Doubly transitive Frobenius groups have been studied in a number of different places. As mentioned in [Dolfi et al. 2009 ], the doubly transitive Frobenius groups are in bijection with the finite near-rings. Most near-rings are obtained by Galois twists of finite fields and these are said to be of Dickson type. There are also seven near-rings that are said to be of exceptional type. The doubly transitive Frobenius groups of Dickson type are solvable. Four of the doubly transitive Frobenius groups of exceptional type are solvable and the other three are nonsolvable. As mentioned in [Dolfi et al. 2009 ], one of the solvable and two of the nonsolvable doubly transitive groups of exceptional type have a nontrivial cyclic normal Sylow p-subgroup. Thus, there are two nonsolvable groups that satisfy conclusion (iv).
In conclusion (v), since G/K is doubly transitive of Dickson type and K is a q-group for some prime, we see that G must be solvable. We will see that the groups in (v) have exactly one conjugacy class whose size is divisible by p. In Section 5 of [Dolfi et al. 2009 ], they construct groups that satisfy conclusion (v), and they give conditions on when such groups can be constructed.
Groups that satisfy conclusion (vi) can be found on page 383 of [Gagola 1983 ]. Using this construction, one can find an example with |P | = p a for every prime p and integer a ≥ 1. We will use a variation on this construction to find groups that satisfy conclusion (vi) where HP is any doubly transitive Frobenius group of Dickson type. We will also present a variation on this construction to produce an example where P is not ultraspecial.
We will also show that we can find groups that satisfy conclusion (vi) where HP is any of the exceptional doubly transitive Frobenius groups. We will also find additional restrictions on the groups arising in this case. (See Theorem 1.20, where we essentially classify such groups. It is perhaps remarkable how large the exponent of |P/P | needs to be in any of these groups.)
We claim that it is easy to see that if G is one of the groups in (i)-(vi), then it has exactly one irreducible character of degree divisible by p. Thus, we will work to prove that if G is p-solvable and has exactly one irreducible character of degree divisible by p, then G is one of the groups in (i)-(vi).
Preliminaries. In this section, we present several results from other sources. Lemma 1.2 [Lewis 2001, Lemma 1] . Suppose a solvable group G acts faithfully on a group V , and let p be a prime divisor of |G|. Assume for each nonidentity element v ∈ V that C G (v) contains a unique Sylow p-subgroup of G. Then G is a subgroup of the semilinear group on V or p = 3, |V | = 9 and G is one of the groups SL 2 (3) or GL 2 (3).
This next result was proved by Noritzsch. We write cd(G) = {χ (1) | χ ∈ Irr(G)} for the set of irreducible character degrees of G. Lemma 1.3 [Noritzsch 1995, Lemma 1.10 ]. Let V < N < G be normal subgroups of a finite group G such that G/N and N /V are cyclic of order a and b, respectively. Moreover, let V be elementary abelian and suppose that both G/V and N are Frobenius groups with kernel N /V and V , respectively. Then
For nilpotent groups, the result is immediate. (This is essentially proved in [Seitz 1968 ], but we have decided to include our own short proof.) Lemma 1.4. Let G be a nilpotent group, and let p be a prime. Then G has exactly one irreducible character of degree divisible by p if and only if G is an extraspecial 2-group.
Proof. Obviously G must be a nonabelian p-group. Let Z = Z(G) ∩ G , and note that Z > 1. If α and β are distinct nontrivial characters of Z , then any irreducible constituent of α G or β G has degree a nontrivial power of p and clearly α G and β G have no common constituents. Thus, Z has only one nontrivial character, whence |Z | = 2 and so G is a 2-group. We see that G/Z has no irreducible characters of degree bigger than 1, and hence, Z = G . Thus, G has |G|/2 distinct linear characters and so the nonlinear irreducible character has degree [G : Z ] 1/2 , whence Z = Z(G). Thus, G is an extraspecial 2-group.
Groups with exactly one conjugacy class with size divisible by a prime p have been classified in [Dolfi et al. 2009] . Next is the classification. Lemma 1.5 [Dolfi et al. 2009, Theorem A] . Let G be a finite group and p a prime. Then G has exactly one conjugacy class of size divisible by p if and only if G is one of the following groups:
(i) G is a Frobenius group with Frobenius complement of order 2 and Frobenius kernel of order divisible by p.
(ii) G is a doubly transitive Frobenius group whose Frobenius complement has a nontrivial central Sylow p-subgroup.
(iii) p is odd, G = K H , where K = F(G) is an ultraspecial q-group, q prime, H = C G (P) for a Sylow p-subgroup P of G, K ∩ H = Z(K ) and G/Z(K ) is a doubly transitive Frobenius group of Dickson type.
Given an element g ∈ G, we write cl G (g) for the conjugacy class of g in G.
Lemma 1.6. Let p be a prime number. Assume that G has a normal p-complement and that G is not nilpotent. If G has exactly one irreducible character of degree divisible by p, then it has exactly one conjugacy class of size divisible by p.
Proof. Write G = AN , where A is a Sylow p-subgroup of G and N is a normal pcomplement. Assume first that A is not abelian. By Lemma 1.4, A is an extraspecial 2-group. Furthermore, by hypothesis every irreducible character of N is A-invariant.
We deduce that N = 1. This contradiction implies that A is abelian. By hypothesis, there exists a unique A-orbit of irreducible characters of N that are not A-invariant. Let θ ∈ Irr(N ) be a character that is not A-invariant. Since θ extends to its inertia subgroup in G and our hypothesis implies that there exists a unique irreducible character of G lying over θ , we have that G θ = N . In other words, the action of A on Irr(N ) has exactly one regular orbit, and all other orbits have size one. Since the actions on characters and classes are permutation isomorphic, the same happens for the action of A on the set of conjugacy classes of N . We deduce that there exists a unique G-conjugacy class contained in N of size a multiple of p. Now, consider an element g ∈ G \ N . We must prove that p does not divide
is a power of p, then g belongs to some Sylow p-subgroup of G. Since the Sylow p-subgroups of G are abelian, it follows that |cl G (g)| is a p -number, as desired. Hence, we may assume that the order of g is not a prime power, and we can write g = g p g p as the product of its p-part and its p -part, where g p = 1 and g p = 1. Observe that g p belongs to N and commutes with the nontrivial p-element g p . By the previous paragraph, g p commutes with a Sylow p-subgroup T that contains g p . It follows that g commutes with T , and hence, |cl G (g)| is a p -number, as desired.
Looking at the conclusion of Lemma 1.5, it is not difficult to see that only the groups in conclusions (ii) and (iii) have exactly one irreducible character whose degree is divisible by p, and that these groups satisfy conclusions (iv) and (v) of Theorem 1.1. Thus, combining Lemma 1.6 with Lemma 1.5 yields the following corollary.
Corollary 1.7. Let p be a prime number. Assume G has a normal p-complement and G is not nilpotent. If G has exactly one irreducible character of degree divisible by p, then G is one of the groups in (iv) or (v) of Theorem 1.1.
Let K be a normal subgroup of G. We use Irr(G | K ) to denote the characters in Irr(G) that do not contain K in their kernels. Lemma 1.8. Let p be a prime number. Assume that G has a normal Sylow psubgroup but that G is not a p-group. If G has exactly one irreducible character of degree divisible by p, then G is one of the groups in (vi) of Theorem 1.1.
Proof. Take P to be the Sylow p-subgroup of G, and let H be a Hall p-complement for G. Observe that p divides the degree of every character in Irr(G | P ). This implies that Irr(G | P ) contains a unique character χ . It is not difficult to see that χ vanishes on G \ P . Also, G has a unique orbit on the nonprincipal characters of Irr(P ). By Theorem 6.32 of [Isaacs 1976 ], this implies that P contains only one nonidentity conjugacy class of G. This implies χ is one of the characters studied by Gagola [1983] . From Lemma 2.1 of [Gagola 1983 ], we see that P H is a doubly transitive Frobenius group. We deduce that P is a minimal normal in G, and P is central in P. In the language of [Chillag and Macdonald 1984] , (G, P ) is a Camina pair, and using Lemma 4.2 from that paper and the fact that P is central in P, one sees that P is semi-extraspecial.
The solvable case. We now prove Theorem 1.1 under the addition hypothesis that G is solvable. Theorem 1.9. Let p be a prime, and let G be a group having exactly one irreducible character whose degree is divisible by p. If G is solvable, then G satisfies conclusions (i)-(vi) of Theorem 1.1.
Proof. Assume that G has exactly one irreducible character of degree divisible by p. We want to prove that G is one of the groups in (i)-(vi). Let G be a minimal counterexample.
Step 1:
, and assume that V is not a Sylow p-subgroup of G. Now, G/V has a nontrivial, nonnormal Sylow p-subgroup, so p must divide the degree of some character in Irr(G/V ) by Itô's theorem (Theorem 12.33 of [Isaacs 1976] ). Hence, G/V will have exactly one irreducible character of degree divisible by p, and thus, G/V is not a counterexample. Since G/V does not have a nontrivial normal p-subgroup, G/V is one of the groups in (iv) or (v) of Theorem 1.1.
Substep 1a: V is a minimal normal subgroup of G.
Let K be a normal subgroup of G such that V /K is a chief factor of G. Assume that K > 1. Since G/K is not a counterexample, G/K = S 4 and p = 2 or G/K is the group in (vi) and p = 3. In both cases, a Sylow p-subgroup is not abelian, so we may apply Theorem 12.9 of [Manz and Wolf 1993] to see that Irr(G | K ) must contain a character of degree divisible by p. Since Irr(G/K ) already contains a character of degree divisible by p, this is a contradiction. Therefore, we must have K = 1, and V is a minimal normal subgroup of G.
where W is a q-group for some prime q = p, and G/V W is a doubly transitive Frobenius group. This implies that W/W is an elementary abelian q-group and (1 V ×λ) G ∈ Irr(G) for any character 1 W = λ ∈ Irr(W/W ). It is not difficult to show that (α ×λ) G ∈ Irr(G) for every character α ∈ Irr(V ). Since 1 V × λ will be in a different G-orbit than α × λ when α = 1 V , we deduce that G has more than one irreducible character of degree divisible by p, a contradiction. Thus, we may assume that F < E.
Recall that G/V satisfies either conclusion (iv) or conclusion (v). In both cases, we know that G/E V is a doubly transitive Frobenius group, so E/E V is a chief factor for G. If G/V satisfies conclusion (iv), then E/V is abelian, so E/V is a chief factor, and we cannot have F < V < E. Thus, the claim is proved in this case, and we may assume that G/V satisfies conclusion (v).
We know that E/V is a semi-extraspecial group, so every normal subgroup of E/V either contains E V /V or is contained in E V /V (by Corollary 8.3 of [Fernández-Alcober and Moretó 2001] ). Since E/E V is a chief factor and F < E, this implies that F ≤ E V . As V < F, we still have F = V × W where W > 1 is a normal q-group in G. Also, because G/E V is a doubly transitive Frobenius group, we know that G/E V does not have a normal Sylow p-subgroup. Hence, G/W does not have a normal Sylow p-subgroup. By Itô's theorem, this implies that p divides the degree of some character in Irr(G/W ). Now, G/W is not a counterexample to the theorem and it has a nontrivial normal p-subgroup, and a Sylow p-subgroup that is not normal. It follows that G/W satisfies either conclusion (ii) or conclusion (vi), and both of these have a nonabelian Sylow p-subgroup. Thus, we may apply Theorem 12.9 of [Manz and Wolf 1993] to see that Irr(G | W ) has a character with degree divisible by p, a contradiction. This completes the proof of the claim that V = F(G).
Substep 1c: Proof of step 1. Now, G/V acts faithfully on V , and C G (v) contains a unique Sylow p-subgroup of G for any nonidentity v ∈ V . We can apply Lemma 1.2, and deduce that either p = 3, G/V = SL 2 (3) and |V | = 9 or G/V is a subgroup of the semilinear group on V . In the first case, we obtain that G is the group of type (vi). This is a contradiction. In the second case, we have that G/V is a metacyclic doubly transitive Frobenius group with kernel, say, K /V and that the action of K /V on V is Frobenius. By Lemma 1.3, we deduce that |G/K | = p. But since |K /V | = p + 1 is prime, we deduce that p = 2 and G/V = S 3 . We claim that |V | = 4. For every nonprincipal irreducible character λ of V , the inertia subgroup of λ in G is a Sylow 2-subgroup of G. Since G has 3 Sylow 2-subgroups {P 1 , P 2 , P 3 }, we deduce that
and this union is disjoint. In particular, |V | − 1 = 3 · 2 a for some integer a. Since V is a 2-group and |V | = 3 · 2 a + 1, we deduce that a = 0 and |V | = 4. This implies that G = S 4 , again a contradiction. This means that if V > 1, then V is a Sylow p-subgroup, proving step 1.
Let H be a Hall p-complement of G.
Step 2:
Suppose O p (G) > 1. By step 1, G has a normal Sylow p-subgroup. By Lemma 1.8, G satisfies conclusion (vi) and this contradicts the choice of G as a counterexample.
Step 3: G has a normal p-complement.
Assume that G does not have a normal p-complement. By Theorem A of [Isaacs et al. 2009 ], G has a cyclic Sylow p-subgroup.
group whose order is a divisor of p − 1. Write Y = P X , where P is a Sylow p-subgroup of G. Since we are assuming that G/Y > Y/Y , it follows that p > 2. Set V = [P, X ], and let V /W be a chief factor of G. Let r be the prime so that V /W is an elementary abelian r -group.
Substep 3a: If W > 1, then W is nilpotent, W = V , and all nonlinear irreducible characters of V are P-invariant.
By the minimality of G as a counterexample to the theorem, G/W is one of the groups described in (i)-(vi). We know that p > 2, so G/W is one of the groups in (iii)-(vi). The Sylow p-subgroups of G/W are cyclic, so it is not one of the groups of type (iii) or (vi) either. The Sylow p-subgroups of G/W do not act trivially on the minimal normal subgroup V /W , so G/W cannot be of type (v). It follows that G/W is a doubly transitive Frobenius group whose complement has a cyclic normal Sylow p-subgroup. In particular, K = F(G) ≤ V . Since G has a unique irreducible character of degree divisible by p, it is easy to see that V = W . Also, since p will not divide the degrees of any of the characters in Irr(G | V ), all the nonlinear characters of V are fixed by P. By Theorem A of [Isaacs 1989 ], W is nilpotent.
Assume that this is not true. Then there exists a normal subgroup J of G so that W/J is a chief factor of G which is a t-group, for some prime t = r . For any character τ ∈ Irr(W/J ), we see that the stabilizer G τ contains a full Sylow p-subgroup of G. Also, τ extends to P V τ . Since the action of P on V /W is Frobenius, it follows from our hypothesis that V τ = W . Hence, the action of V /W on W/J is Frobenius, so V /W is cyclic of order r and G/V is cyclic. It follows that G has a normal p-complement, a contradiction. This proves the claim that W is an r -group. As a consequence, V is an r -group.
, so θ is nonlinear. We have seen that θ must be P-invariant. So there exists a character µ ∈ Irr(W ) that is a constituent of θ W and is P-invariant. By Problem 13.10 of [Isaacs 1976 ], there exists a unique irreducible constituent of µ V that is P-invariant. But all the members of Irr(V | W ) are P-invariant. It follows that µ V = eθ for some integer e. In particular, θ vanishes on the set V \ W . By Lemma 3.1 of [Lewis et al. 2005] , we see that V is a semi-extraspecial r -group. One can easily see that P acts trivially on W , so G is one of the groups in (v). This contradiction implies that W = 1.
Substep 3d: G/C acts transitively on V \ {1}.
We have that C V (P) is normal in G (since P V is normal in G), and V is a minimal normal subgroup of G. It follows that C V (P) = 1, so the action of P on V is Frobenius (by Theorem A of [Isaacs et al. 2009]) . It follows that the degree of any of the members of Irr(G | V ) is a multiple of p. By hypothesis, |Irr(G | V )| = 1. This implies that the action of G/C on V \ {1} is transitive. Now, we can apply Theorem 6.8 of [Manz and Wolf 1993] to determine the structure of G/C.
On the other hand, consider any character θ ∈ Irr(X | V ). Since P acts Frobeniusly on V , we know that the stabilizer of any nonprincipal irreducible character of V will be contained in X , and so, all the characters in Irr(X | V ) induce irreducibly to Y . In particular, θ Y ∈ Irr(Y ). But G/Y is cyclic, and (θ Y ) G has a unique irreducible constituent. Clifford theory implies that θ G ∈ Irr(G). In other words, any member of Irr(X | V ) induces irreducibly to the same character of G. Also, the action of P on V is Frobenius, so C is a p -group. This implies that C ≤ X .
Substep 3f: G/C must be one the "exceptional groups" in the conclusion of Theorem 6.8 of [Manz and Wolf 1993] .
Suppose first that G/C is isomorphic to a subgroup of the semilinear group of V . This implies that G/C is metacyclic. Write F/C = F(G/C), and note that G/F is cyclic. Put U = F ∩ X G. Arguing as in the previous paragraph, any member of Irr(U | V ) induces irreducibly to the same character of G. This fact and Clifford's correspondence imply for every character λ ∈ Irr(V ) \ {1 V } that |Irr(U λ | λ)| = 1. Hence, λ is fully ramified with respect to U λ /V . We deduce that U λ is a q-group for some prime q. Since the Sylow q-subgroups of (V ) are cyclic, it follows that U λ /C is cyclic and is contained in the cyclic group O q (G/C). In particular,
We claim that C = V . Assume that this is not true. Thus, C ∩ V > 1, so V ≤ C . But we know that P acts trivially on C/C . Hence, it acts trivially on C and this is a contradiction. This implies that C = V , and the action of G/V on V is Frobenius.
This proves that G is a double transitive Frobenius group whose complement has a cyclic normal Sylow p-subgroup; that is, G is of type (iv). This is a contradiction. By Theorem 6.8 of [Manz and Wolf 1993] , G/C is one of the exceptional groups in that theorem.
Substep 3g: Proof of step 3.
The group G/C cannot be one of the groups in conclusion (a) of Theorem 6.8 of [Manz and Wolf 1993] because F(G/C) is not a nonabelian group of prime power order. Also, it cannot be one of the groups in conclusion (b) because F(G/C) contains a noncentral cyclic Sylow p-subgroup. Therefore, G has a normal pcomplement.
Step 4: Final contradiction.
By Corollary 1.7, G is one of the groups of type (iv) or (v). This is the final contradiction.
Solvable examples. We now construct solvable groups that appear in conclusion (vi) of Theorem 1.1. In particular, for every two-transitive Frobenius group of Dickson type D, we find a group G satisfying conclusion (vi) of Theorem 1.1 so that Z(P)H ∼ = D. We will also present an example that satisfies conclusion (vi) of Theorem 1.1 where P is not ultraspecial.
We start with examples that appeared in [Gagola 1983 ] and in [Isaacs 2011 ]. Let p be a prime and let n be a positive integer. Write F for the finite field of order p n . Take K to be the matrix group
It is shown in [Gagola 1983 ] that P is a normal Sylow p-subgroup of K . It is well known that P is an ultraspecial group of order p 3n . Set
Observe that L is a Hall p-complement of K . Also, L is cyclic. It is not hard to see that L acts Frobeniusly on
but that L does not act Frobeniusly on P. We should note that in fact K satisfies conclusion (vi) of Theorem 1.1. However, we need to produce more complicated examples. To do this, let Ᏻ be the Galois group for F over Z p . We can define an action Ᏻ on K as follows: if σ ∈ Ᏻ, then σ acts on a typical element of K by acting on each of the entries of K . Notice that P and L are invariant under the action of Ᏻ. Also, note that the semidirect product of Ᏻ acting on L is isomorphic to the affine group on F. (See page 38 of [Manz and Wolf 1993] .) We take to be the semidirect product of Ᏻ acting on K . (We note that Z(P)LᏳ is isomorphic to the affine semilinear group on F which is also defined on page 38 of [Manz and Wolf 1993] .) Suppose D = N H * is a two-transitive Frobenius group of Dickson type of order p n ( p n − 1), where N is the Frobenius kernel and H * is the Frobenius complement. It is well known that H * can be embedded in the affine group of F and that N H * is isomorphic to a subgroup of the semilinear affine group of F. Thus, H * is isomorphic to H ⊆ LᏳ and N H is isomorphic to Z(P)H . We set G = P H , and it is not difficult to see that G is the desired group.
To find an example of a group satisfying conclusion (vi) of Theorem 1.1 where P is not ultraspecial, we take as above, but specialize p = 2 and n = 3. This implies that |P| = 2 9 and |Ᏻ| = 3. We define G * = PᏳ. Observe that Ᏻ centralizes a subgroup Z of Z (P) having order 2. (The fixed field under the Galois group has order 2.) It follows that Z is in the center of G * . Let G = G * /Z . Since P/Z is a nonabelian quotient of a semi-extraspecial group, it is semi-extraspecial. Since |P : Z(P)| = 2 6 and |Z(P) : Z | = 2 2 , it is not ultraspecial. Observe that Ᏻ acts Frobeniusly on Z(P)/Z , so Z(P)Ᏻ/Z is a doubly transitive Frobenius group. It follows from Lemma 2.2 of [Chillag and Macdonald 1984] that G satisfies conclusion (vi) of Theorem 1.1, and this yields our example with the normal Sylow subgroup not being ultraspecial.
We will construct examples where D ∼ = Z(P)H when D is a two-transitive solvable Frobenius of exceptional group later. The technique for constructing groups that satisfy conclusion (vi) of Theorem 1.1 when Z(P)H is exceptional is the same for solvable and nonsolvable groups. Thus, we hold off on that construction until after we handle the proof of Theorem 1.1 in the case where the group is p-solvable, but not solvable.
Abelian Sylow p-subgroup. We now prove Theorem 1.1 in the case that G is p-solvable but not solvable and the Sylow p-subgroup of G is abelian.
The following result is the only one in this section that uses the classification of finite simple groups. Lemma 1.10. Let p be prime. Let S be a finite nonabelian almost-simple group not divisible by p and A a nontrivial p-group of automorphisms of S. Then A is cyclic. Moreover, A has at least two nontrivial orbits on the irreducible characters of S.
Proof. It follows by the classification of finite simple groups and their automorphism groups that F * (S) is a finite group of Lie type and A is a cyclic group of field automorphisms. By Brauer's lemma, it suffices to prove the same statement for conjugacy classes. We can appeal to [Dolfi et al. 2009, Lemma 3 .1] to complete the proof.
We apply the previous lemma to obtain the following. Lemma 1.11. Let G be a finite group with a minimal normal subgroup N that is a direct product of t copies of a nonabelian finite simple group. Assume that C G (N ) = 1 and that either t > 1 or that there is a prime p dividing |G| that does not divide |N |. Then G has at least 2 nontrivial orbits on conjugacy classes of N of size a multiple of p and on irreducible characters of N of degree divisible by p.
Proof. If p divides |N | and t > 1, the result is clear (indeed, there will be at least t such orbits).
If t = 1 and p does not divide |N |, then Lemma 1.10 applies.
We now prove Theorem 1.1 under the hypothesis that G is p-solvable but not solvable and that G has an abelian Sylow p-subgroup. Theorem 1.12. Let p be a prime, and let G be a group having exactly one irreducible character whose degree is divisible by p. Suppose G is p-solvable, but not solvable. If G has an abelian Sylow p-subgroup, then G is a doubly transitive Frobenius group whose Frobenius kernel R is an elementary abelian r -group of order r 2 where either ( p, r ) = (7, 29) or (29, 59), and a Frobenius complement H ∼ = SL 2 (5) × ‫/ޚ‬ p. In particular, G satisfies conclusion (iv) of Theorem 1.1.
Proof. Let P be a Sylow p-subgroup of G. By the Itô-Michler theorem, P is not normal. Since P is not normal in G, we have that P does not centralize F * (G).
First assume that R is a nilpotent normal p -subgroup of G with [P, R] = 1. So P does not commute with R/ (R). If γ is a nontrivial linear character of R vanishing on (R) not fixed by P, then every constituent of γ G R has dimension divisible by p, whence G acts transitively on the nontrivial linear characters of R/ (R) not fixed by P. This implies that on a simple G-quotient M of R/ (R), we have G acting transitively on the nontrivial elements, whence [Liebeck 1987 , Appendix 1] and the fact that G is p-solvable implies that the action of G on M is SL 2 (5) × C, where C is a cyclic group of order divisible by p, |M| = r 2 with ( p, r ) = (7, 29) or (29, 59). Write M = R/R 0 . If P does not centralize R 0 , then we can induce a nontrivial linear character of R 0 and obtain a different irreducible character of degree divisible by p (it will have a different kernel), a contradiction. Thus, P commutes with R 0 . So P acts as nontrivial scalars on M and so M does not commute with [R, R 0 ] unless it is trivial. So R 0 = 1 and |R| = r 2 .
Suppose P does not commute with F(G). We claim that this implies that F * (G) has order r 2 as above. If E(G) = 1, then clearly there is a character of F * (G) nontrivial on E(G) that is not fixed by P (if P centralizes E(G), then just take some character of F * (G) that is nontrivial on O r (G) and E(G); if P does not centralize E(G), just take a character of E(G) not fixed by P) and inducing this up gives a contradiction.
So F * (G) of order r 2 implies that F * (G) is its own centralizer and we already saw that G/F * (G) ∼ = SL 2 (5) × ‫/ޚ‬ p, whence the result.
So we may assume that P commutes with F(G). Then since P is not normal in G, P does not commute with E(G). If F * (G) = E(G), then as above there will be at least two G-orbits of characters of G of degree divisible by p with distinct kernels. So F * (G) = E(G). We show that this cannot happen. There is no harm in passing to G/Z(E(G)), and so we may assume that E(G) is a direct product of nonabelian simple groups. The result now follows by Lemma 1.11.
Nonabelian Sylow p-subgroup. In this subsection, we complete the proof of Theorem 1.1 by proving it under the hypothesis that G is p-solvable but not solvable and has a nonabelian Sylow p-subgroup. We will show that G has to satisfy conclusion (vi) of Theorem 1.1. We also obtain further restrictions on the structure of G in this situation. Lemma 1.13. Let p be a prime, and let G be a group having exactly one irreducible character whose degree is divisible by p. Suppose that G is p-solvable, but not solvable. Let P be a Sylow p-subgroup of G. If P is nonabelian, then P is normal in G.
Proof. Suppose not. Suppose that O p (G) = 1 and let Q be a minimal normal p-subgroup of G. If P/Q is nonabelian, then by induction P/Q is normal in G/Q, whence P is normal.
So P/Q is abelian, and recall that P is not normal in G. By the Itô-Michler theorem, G/Q has a character of degree divisible by p, and by hypothesis this character is unique. Since G/Q is p-solvable and not solvable, we may apply Theorem 1.12, and G/Q is as given there (in particular, p = 7 or 29). Also, there is a normal subgroup Q R where R has order r 2 (with r = 29 or 59 depending upon p).
If R does not centralize Q, then as the element of order p in G/Q acts centrally on R (that is, as scalars), we see that on Q, the dimension of the fixed space of a Sylow p-subgroup of G on Q is (1/ p) dim Q (Q is a free module for P/Q) -see Theorem 15.16 of [Isaacs 1976 ]. The number of Sylow p-subgroups in G is |R| = r 2 (since G = N G (P)R). Thus, the total number of points fixed by a Sylow p-subgroup of G on Q is less than r 2 p d/ p , where |Q| = p d .
Easily, we see that for both choices of r and p that r 2 p d/ p < p d , and so there exists an element of Q (and similarly Q * ) that is fixed by no p-element outside Q. Thus, there is a linear character χ of Q whose G-orbit has size a multiple of p, whence any irreducible constituent of χ G has dimension a multiple of p and so there are at least two irreducible characters of degree a multiple of p (one with Q in the kernel, one with Q not in the kernel).
Suppose that R centralizes Q. Then P is central in G/R Q and since Q is an irreducible G/R Q-module, P must act trivially on Q, whence Q ≤ Z(P). Since P/Q is cyclic, this implies that P is abelian, a contradiction.
So we may assume that O p (G) = 1. Let N be a minimal normal subgroup. So N is a p -group. Let χ be any character of N . If P is not contained in the inertia group of χ, then every irreducible constituent of χ G N has dimension divisible by p. Since some irreducible character of G/N has dimension divisible by p, we have a contradiction. Indeed, the argument shows that P centralizes O p (G). Thus, F * (G) cannot be a p -group, whence O p (G) = 1. This completes the proof.
We now come to the proof of Theorem 1.1 under the additional hypothesis that G is p-solvable but not solvable and that G has a nonabelian Sylow p-subgroup. Combining Theorems 1.9, 1.12, and 1.14, we have a proof of Theorem 1.1. Theorem 1.14. Let p be a prime, and let G be a group having exactly one irreducible character whose degree is divisible by p. Suppose that G is p-solvable, but not solvable. If G has a nonabelian Sylow p-subgroup, then G satisfies conclusion (vi) of Theorem 1.1. Furthermore, p = 11, 29, or 59; |P | = p 2 ; and G/P ∼ = SL 2 (5) × ‫/ޚ‬c( p), where c(11) = 1, c(29) = 7, and c(59) = 29.
Proof. By Lemma 1.13, P is normal. Applying Lemma 1.8, G satisfies conclusion (vi) of Theorem 1.1. Let P be the Sylow p-subgroup, and let H be a p-complement in G. We know that P H is a doubly transitive Frobenius group. It follows that H is a Frobenius complement. Since H is nonsolvable, it follows by [Passman 1968, 20 .2] that |Z(P)| = p 2 with p = 11, 29, or 59 and H = SL 2 (5) × C, where C is cyclic of order c( p).
Examples with exceptional doubly transitive Frobenius groups. In this subsection, we consider groups G that have the form of a coprime semidirect product of a group H acting on a semi-extraspecial p-group P where |Z(P)| = p 2 and H is acting faithfully and irreducibly on Z(P). We find the possible values for |P : P | when H is either SL 2 (3) or SL 2 (5), and we find examples showing that each of the possible values occur. This will yield examples where G is a group that satisfies conclusion (vi) of Theorem 1.1 where HP is any of the exceptional two-transitive Frobenius groups. In particular, this gives examples of groups G where G is a p-solvable group that is not solvable with a nonabelian Sylow subgroup P and exactly one irreducible character whose degree is divisible by p.
The key to this solution is trying to find ‫ކ‬ p H -modules V so that 2 (V ) contains a 2-dimensional H -submodule W such that W # consists of nondegenerate alternating forms on V . There is also is an intriguing connection with the McKay correspondence and the Dynkin diagram of affine extended E 8 when H = SL 2 (5) and of affine extended E 6 when H = SL 2 (3). (For more details on the McKay correspondence and Dynkin diagrams, see [McKay 1980 ] or [Steinberg 1985 .) This was used in our initial approach to the problem but it is not needed in the solution.
In this section we address a slightly more general problem than is addressed in the remainder of the paper. We assume we have a group H with Z(H ) ≤ H and |Z (H )| = 2 that is acting faithfully on a p-group P that satisfies the following conditions. In the examples needed for this paper, we will have H = SL 2 (3) or H = SL 2 (5).
Our hypotheses are as follows:
(i) p is a prime that is coprime to |H |.
(ii) P is a semi-extraspecial p-group with |P : P | = p a and Z = Z(P) = P has order p 2 .
(iii) H acts on P with Z a faithful irreducible H -module (and we fix the isomorphism type).
Notice that H acting faithfully on Z implies that H is isomorphic to a subgroup of SL 2 ( p). For H = SL 2 (3), this does not imply any further restrictions on p, but when H = SL 2 (5), this implies that p ≡ ±1 mod 5. Set V = P/Z , and we view V as a module for H . We will determine the set of all positive integers a so that |V | = p a when H = SL 2 (3) and H = SL 2 (5). The particular values that occur depend on the residue class of p modulo 12 when H = SL 2 (3) and modulo 60 when H = SL 2 (5). In the next section, we will construct enough examples to show that there exists an example for each of the possible dimensions. The same techniques would essentially allow us to classify all the possible groups, but we do not pursue this here. Let V 1 and V −1 denote the eigenspaces of the action of Z(H ) on V . Let P 1 and P −1 denote the inverse images of V 1 and V −1 in P.
Lemma 1.15. Assume P and H satisfy the given hypotheses and P 1 and P −1 are defined as above. Then P 1 and P −1 are abelian, a = 2b is even, and |P 1 |=|P −1 |= p b+2 .
Proof. Note that Z (H ) acts trivially on [P , P ] for = 1 or = −1. Since Z (H ) does not active trivially on Z , we must have [P , P ] ∩ Z = 1. Thus, P 1 and P −1 are abelian. Since P/Z 1 is extraspecial, this implies that |P ±1 : Z | ≤ p a/2 . Since p a = |V 1 ||V −1 |, we have that a = 2b for some integer b and |P ±1 : Z | = p b . The conclusion now follows.
Given a subgroup 1 < Z 1 < Z , we obtain an element of ( 2 V ) * = Hom 2 V, ‫ކ‬ p (namely the homomorphism a Z ∧ bZ → [a, b]Z 1 ). The condition that P/Z 1 is extraspecial is equivalent to saying that this element is nondegenerate. The subspace of 2 V * generated by these elements yields a 2-dimensional irreducible 414 D. Goldstein, R. Guralnick, M. Lewis, A. Moretó, G. Navarro and P. H. Tiep H -invariant subspace of 2 V * such that each nonzero element is nondegenerate. In the next section, we will use the fact that if such a 2-dimensional space exists, then we can construct P satisfying the above conditions.
The existence of a group P such that H acts as above implies that an H -invariant subspace W of 2 V * exists such that W is two dimensional and every nonzero element of W is nondegenerate. We choose a basis for V consisting of bases for V 1 and V −1 . Representing the elements in W as matrices in terms of this basis for V , we obtain matrices of the form
where D is some element of M n ‫ކ(‬ p ). The fact that the nonzero elements of W are nondegenerate is equivalent to saying that D is nonsingular for all the matrices D such that f (D) ∈ W . We can conjugate and find a basis for W of the form { f (I ), f (A)} for some matrix A. LetW be the ‫ކ‬ p -span of {I, A}. Observe that f is an isomorphism of the vector spaces W andW . Moreover, the condition that all of the nonzero matrices inW are nonsingular is precisely equivalent to the condition that A has no eigenvalues in ‫ކ‬ p .
Let τ denote the inverse transpose map. We may write the action of H on W as diag(ρ 1 (h), ρ 2 (h) τ ), where ρ 1 is the representation of H afforded by V 1 and ρ 2 is the representation of H afforded by V 2 . It follows that ρ 1 has a kernel containing Z(H ) and that ρ 2 is a faithful representation of H . The fact that W is H -invariant is precisely equivalent to saying that
= W for every element h ∈ H . Since we are taking { f (I ), f (A)} as the basis for W , we see that
∈W , there is a map φ from H toW define by φ(h) = ρ 1 (h)Iρ 2 (h) −1 . This satisfies ρ 1 (h)I = φ(h)ρ 2 (h) for all h ∈ H , and substituting, we obtain
∈W . It follows that conjugation by ρ 2 (h) preserves the algebra R = ‫ކ‬ p [A] , and this conjugation action is therefore an algebra automorphism of R. We define ρ : H →W by ρ(h) = ρ 1 (h)Aρ 2 (h) −1 , and note that ρ(h) = φ(h)ρ 2 (h)Aρ 2 (h) −1 . Since the nonzero elements ofW are nonsingular (i.e., invertible), it follows that φ(h) ∈ R * for all h ∈ H , and this implies that the image of H under ρ is contained in R * Aut(R), where R * is the set of units in R.
Note that ρ(H ) acts by permutations on the primitive idempotents of R. Thus, we can decompose R = R 1 × · · · × R m , where each R i is a subspace of R generated by an orbit of ρ(H ) on the primitive idempotents of R.
We now work with R 1 . We know that ρ(H ) acts transitively on the primitive idempotents of R 1 . We have
where K is a nontrivial extension field of ‫ކ‬ p . The fact that K is a nontrivial extension comes from the fact that the eigenvalues of A do not lie in ‫ކ‬ p . Since Z (H ) acts like −1, it stabilizes the subspaces generated by each of the t i 's.
Let H 1 denote the stabilizer of the subspace generated by t 1 which we call L 1 , and note that s = |H :
, and again, the element of order 2 in Z (H ) ≤ H 1 acts as −1. Thus, H 1 acts faithfully on L 1 . Moreover, the action of H 1 on L 1 embeds in L * 1 Aut(L 1 ). Because H 1 has order prime to p, we see that in fact H 1 embeds in K * Aut(K ), and this implies that H 1 is either cyclic or metacyclic. If |H 1 | = 2, then since K is a nontrivial extension of ‫ކ‬ p , we see that H 1 does not act irreducibly on L, and so we conclude that |H 1 | = 2.
Suppose H 1 is cyclic of order 2q, where q is an odd prime. If q divides p − 1, then H 1 will not act irreducibly on L 1 , so q does not divide p − 1. Recall that H 1 is isomorphic to a subgroup of SL 2 ( p). Thus, it must be that q divides p + 1. This implies that [K : ‫ކ‬ p ] is even and p ≡ −1 mod q. Now, suppose H 1 is cyclic of order 4. If 4 does not divide p − 1, then it is not difficult to see that [K : ‫ކ‬ p ] must be even. Suppose 4 does divide p − 1. For H 1 to be acting irreducibly on L 1 , it must be that a generator of H 1 is the product of a nontrivial element of L * 1 with a nontrivial element of Aut(L 1 ). In particular, this implies that 2 divides [K :
If H 1 is nonabelian, then since H 1 is metacyclic and contained in SL 2 ( p), we conclude that H 1 is cyclic and has index 2. This implies that 2 divides [K : ‫ކ‬ p ]. If H 1 contains a subgroup isomorphic to the quaternions, then p ≡ −1 mod 4 since K * Aut(K ) does not contain any subgroups isomorphic to the quaternions when p ≡ 1 mod 4. We now assume that H 1 does not contain any subgroups isomorphic to the quaternions. Since H 1 is a subgroup of SL 2 ( p), this implies that the Sylow 2-subgroups of H 1 are abelian, and so |H 1 | is divisible by some odd prime q. Since H 1 is acting irreducibly, we see that H 1 /Z(H ) is contained in a dihedral group of order 2( p + 1). This implies H 1 contains no elements of odd order whose order divides p − 1. In particular, we must have q divides p + 1 so p ≡ −1 mod q. Theorem 1.16. Let P be an semi-extraspecial p-group with |Z(P)| = p 2 and p > 5 is a prime. Let a be the even integer so that |P : Z(P)| = p a . Suppose H = SL 2 (5) acts via automorphisms on P such that H is acting faithfully and irreducibly on Z (H ). Then p ≡ ±1 mod 5 and the following holds:
(i) If p ≡ 1 mod 60, then a = 120x, where x is a positive integer.
(ii) If p ≡ 11 mod 60, then a = 40x +60y, where x and y are nonnegative integers whose sum is positive.
(iii) If p ≡ 19 mod 60, then a = 24x +60y, where x and y are nonnegative integers whose sum is positive.
(iv) If p ≡ 29 mod 60, then a = 24x +40y, where x and y are nonnegative integers whose sum is positive.
(v) If p ≡ 31 mod 60, then a = 60x, where x is a positive integer.
(vi) If p ≡ 41 mod 60, then a = 40x, where x is a positive integer.
(vii) If p ≡ 49 mod 60, then a = 24x, where x is a positive integer.
(viii) If p ≡ 59 mod 60, then a = 24x +40y+60z, where x, y, and z are nonnegative integers whose sum is positive.
Proof. We consider the possibility for a subgroup H 1 of SL 2 (5) within the context of the previous argument. Since H 1 is cyclic or metacyclic and Z(H ) ≤ H 1 , we see that s is the index of a proper subgroup of A 5 and s = 5, whence s = 6, 10, 12, 15, 20, 30, or 60. Since |H 1 | = 2, we conclude that s = 60. We see that one of the following holds:
is even, p ≡ −1 mod 5, and dim R 1 is a multiple of 12.
(ii) s = 10, Since dim V 1 = dim R i , this gives possible dimensions for V 1 depending upon the congruences of p modulo 30. Note that a = dim V = 2 dim V 1 . This gives the stated conclusion.
We saw in Theorem 1.14 the primes p that arise in our case are p = 11, 29, or 59, and for these primes we obtain the following possibilities. (i) If p = 11, then a = 40x + 60y for some nonnegative integers x and y.
(ii) If p = 29, then a = 24x + 40y for some nonnegative integers x and y.
(iii) If p = 59, then a = 24x + 40y + 60z for some nonnegative integers x, y, and z.
In the solvable examples, we have the group SL 2 (3) acting on P. Thus, we have the following. Theorem 1.18. Let P be an semi-extraspecial p-group with |Z(P)| = p 2 and p > 3 is a prime. Let a be the even integer so that |P : Z(P)| = p a . Suppose H = SL 2 (3) acts via automorphisms on P such that H is acting faithfully and irreducibly on Z (H ). Then the following holds:
(i) If p ≡ 1 mod 12, then a = 24x, where x is a positive integer.
(ii) If p ≡ 5 mod 12, then a = 16x + 24y, where x and y are nonnegative integers whose sum is positive.
(iii) If p ≡ 7 mod 12, then a = 12x, where x is a positive integer.
(iv) If p ≡ 11 mod 12, then a = 12x +16y, where x and y are nonnegative integers whose sum is positive.
Proof. We consider the possibility for a subgroup H 1 of SL 2 (3) within the context of the previous argument. Since H 1 is cyclic or metacyclic and Z(H ) ≤ H 1 , we see that s is the index of a proper subgroup of A 4 , whence s = 3, 4, 6, or 12. Since |H 1 | = 2, we conclude that s = 12. We see that one of the following holds:
is even, p ≡ −1 mod 4, and dim R 1 is a multiple of 6.
(ii) s = 4, H 1 is cyclic of order 6, [K : ‫ކ‬ p ] is even, p ≡ −1 mod 3, and dim R 1 is a multiple of 8.
(iii) s = 6, H 1 is cyclic of order 4, [K : ‫ކ‬ p ] is even, and dim R 1 is a multiple of 12.
Since dim V 1 = dim R i , this gives possible dimensions for V 1 depending upon the congruences of p modulo 30. Note that a = dim V = 2 dim V 1 . This gives the stated conclusion.
We will also construct examples for the solvable exceptional 2-transitive Frobenius groups. (For a list of the exceptional 2-transitive Frobenius groups, see Remark XII.9.5 in [Huppert and Blackburn 1982] . We note that matrix generators for these groups seem to be correct, even though the descriptions in (b) and (d) are not. In particular, in (b) H ∼ = GL 2 (3), which is isoclinic to but not isomorphic to GL 2 (3), and in (d) H ∼ = GL 2 (3) × ‫.11/ޚ‬ The matrix groups are also listed in [Huppert 1957] .) The primes p that arise are p = 5, 7, 11, and 23. For these primes, we obtain the following. (ii) If p = 7, then a = 12x, where x is a positive integer. w = 7, 8, 9, 11, 13, 14, 17, 19, 23, 29 (iii) If p = 11, then a = 12x + 16y, where x and y are nonnegative integers whose sum is positive.
(iv) If p = 23, then a = 12x + 16y, where x and y are nonnegative integers whose sum is positive.
We will now construct examples showing that there are groups satisfying our hypotheses.
Theorem 1.20. For each prime p, group H , and value a in Table 1 , there exist groups P and G so that P is a semi-extraspecial p-group with |P | = p 2 and |P : P | = p a such that H acts faithfully by automorphisms on P and G is the resulting semidirect product. In addition, Irr(G) has a unique character with degree divisible by p and P H is a two-transitive Frobenius group.
Proof. Suppose first that P and Q are semi-extraspecial p-groups with |Z(P)| = |Z(Q)| = p 2 , and dim P/Z(P) = a 1 and dim Q/Z(Q) = a 2 . Suppose that the group H acts via automorphisms on P and Q so that the action of H on Z(P) is isomorphic to its action on Z(Q) and this action is faithful and irreducible. Let R be the central product of P Q (that is, identifying Z(Q) and Z(P)). Then |Z(R)| = p 2 and R/Z 1 is extraspecial for any proper nontrivial subgroup Z 1 of Z(R) since R/Z 1 is the central product of the two extraspecial groups P/Z 1 and Q/Z 1 . It follows that R is semiextraspecial and dim R/Z(R) = a 1 + a 2 . Note that H will act via automorphisms on R and that the action of H on Z(R) is faithful and irreducible. This shows that the set of dimensions that can occur is closed under sums. In particular, the entries in the first column for values for a are linear combinations, and it suffices to show that there exist examples for the generators of these linear combinations.
Let p and H be entries for the first two columns of some row in Table 1 , and let a be one of the generators of the third column. Observe that H is isomorphic to a subgroup of GL 2 ( p), so it has a faithful 2-dimensional module Z over ‫ކ‬ p . Let H 2 be a subgroup of H containing Z (H ) whose index is a/4. We have
, where V is a minimal normal elementary abelian p-subgroup of G having order q 2 and can be viewed as a 2-dimensional irreducible module of G/V over End G/V (V ) ∼ = ‫ކ‬ q 2 .
(ii) (G, p, D) = (S 5 , 3, 6), (M 11 , 3, 45) .
For brevity, we will call G an NP1-group (for a fixed prime p) if G is a finite non-p-solvable group with a unique irreducible character χ of degree divisible by p, in which case we let D := χ (1).
We make use of results regarding character degree graphs. The graph (G) is the graph with vertex set ρ(G), which is the set of primes dividing degrees in {χ (1) | χ ∈ Irr(G)}. There is an edge between distinct primes p and q if pq divides χ (1) for some χ ∈ Irr(G). We will make use of the results regarding nonsolvable groups G where (G) is disconnected in [Lewis and White 2003] and [Manz et al. 1988] . We prove the following statement combining the results on disconnected graphs with some results of [Isaacs et al. 2009 ]:
Proposition 2.2. Let G be an NP1-group. Then one of the following holds.
≥ 4 is a power of p, and G/K = PSL 2 (q). Furthermore, G = PSL 2 (q), SL 2 (q), or G/V = SL 2 (q), where V is a minimal normal elementary abelian p-subgroup G of order q 2 and can be viewed as a 2-dimensional irreducible module of G/V over End G/V (V ) ∼ = ‫ކ‬ q 2 .
(ii) Let U = O p (G) and K /U = O p (G/U ). Then K is the p-solvable radical of G and U is abelian. If N ≤ K is a normal subgroup of G and 1 N = λ ∈ Irr(N ), then the inertia group I G (λ) of λ has index coprime to p in G. Finally,
Proof. By Theorems A and C of [Isaacs et al. 2009 ], we know that if
We also obtain from there the fact that if N ≤ K is a normal subgroup of G and 1 N = λ ∈ Irr(N ), then the inertia group I G (λ) of λ has index coprime to p in G.
Finally, that result also asserts that soc(G/K ) = S/K =: S is a nonabelian simple group of order divisible by p, and p is coprime to |G/S|. By the Itô-Michler theorem, we may assume that the unique irreducible character χ of degree divisible by p of G is actually a character of G/K . In particular, every irreducible character of K has degree coprime to p, whence the (unique) Sylow p-subgroup U of K must be abelian again by the Itô-Michler theorem. Next, let N ≤ K be normal in G and 1 N = λ ∈ Irr(N ). Consider any ρ ∈ Irr(G|λ). Since ρ N contains λ = 1 N , Ker(ρ) cannot contain N , and so does not contain K . Thus ρ = χ and so has degree coprime to p. It follows that [G : I G (λ)] is coprime to p.
Next, by Corollary 7.5 of [Isaacs et al. 2009 ] applied to G/K , one of the following possibilities occurs: (a) S ∼ = PSL 2 (q) with p|q, and D = q.
(b) S ∼ = PSL 2 (q), q = r f for some prime r = p, 2 < p|(q − ) for some = ±1, and 3, 45) , (J 1 , 3, 120), (J 1 , 5, 120)}.
Note that J 1 has 3 irreducible characters of degree 120. Hence, in the case of (c) we arrive at conclusion (ii).
Suppose now that we are in the case of (a). Consider the Steinberg character St of S/K = PSL 2 (q), of degree q. By the main result of [Feit 1993 ], St extends to G/K . Hence D = q, and since p divides the degree of no other character in Irr(G), this implies that p is an isolated vertex in (G), and so (G) is disconnected. In [Manz et al. 1988] , it is shown that (G) has at most three connected components. In Theorems 4.1 and 6.4 of [Lewis and White 2003] , it is shown that if G is nonsolvable and (G) has two or three connected components, then G has a normal subgroup N so that G/N is abelian and N is either PSL 2 (q), SL 2 (q), or there is a normal subgroup V so that N /V ∼ = SL 2 (q) and V is elementary abelian of order q 2 and N /V acts transitively on the nonidentity elements of V . As before, the Steinberg character of N will extend to G, and, by Gallagher's theorem, G has at least |G/N | irreducible characters of degree divisible by q. Since G is an NP1-group, it follows that |G/N | = 1, whence G = N and we arrive at conclusion (i).
From now on, we may assume that (b) holds. Since p is coprime to |G/S|, all irreducible constituents α i of χ S have degree divisible by p. On the other hand, if β ∈ Irr(S) has degree divisible by p, then any γ ∈ Irr(G/K |β) also has degree divisible by p, and so γ = χ as G is an NP1-group. Thus β must be one of the α i . We have shown that G/S, and so Aut(S) as well, acts transitively on the set of irreducible characters of S of degree divisible by p. Also recall that 2 < p|(q − ). Now we distinguish the following subcases.
(b1) q ≡ − (mod 4). In this case, p divides (q − )/2, which is odd, and S has two irreducible (Weil) characters of degree (q − )/2. Now if q ≥ 7, then S also has irreducible characters of degree (q − ) which are obviously not Aut(S)-conjugate to the ones of degree (q − )/2. Hence q = 5, = −1, p = 3, S ∼ = A 5 , and A 5 ≤ G/K ≤ S 5 . Since A 5 has two irreducible characters of degree 3, we conclude that (G/K , p, D) = (S 5 , 3, 6), as stated in (ii).
(b2) q ≡ (mod 4). In this case, 4 p ≥ 12 divides q − , so q ≥ 11. Then S has (q − 2 + )/4 irreducible characters of degree q − , and each of them extends to PGL 2 (q). Notice that Aut(S) = PGL 2 (q) : C f , so the Aut(S)-orbit of any such θ has length at most f . Since q = r f ≥ 11, we have that (q − 2 + )/4 > f , and so Aut(S) cannot act transitively on the characters of S of degree divisible by p.
(b3) q = 2 f with f ≥ 3. Then S has (q − 1 + )/2 irreducible characters of degree q − . Notice that Aut(S) = S : C f , so the Aut(S)-orbit of any such θ has length at most f . The transitivity of Aut(S) on the set of characters of S of degree divisible by p now implies that f = 3, = −1, p = 3, and S = SL 2 (8) ≤ G/K ≤ S : C 3 . But SL 2 (8) has 3 irreducible characters of degree 9, and Aut(SL 2 (8)) = S : C 3 has irreducible characters of both degrees 21 and 27. This contradiction completes the proof of the proposition.
We now show that the groups satisfying conclusion (i) of Theorem 2.1 have only one irreducible character whose degree is divisible by p. Proposition 2.3. Let D = q = p f ≥ 4 and assume that the finite group G satisfies conclusion (i) of Theorem 2.1. Then G has exactly one irreducible character θ of degree divisible by p. Furthermore, θ (1) = D.
Proof.
(1) The statement is clear if G = PSL 2 (q) or SL 2 (q). So we consider the third possibility, with S := G/V ∼ = SL 2 (q) and |V | = q 2 . Note that S has a unique irreducible character of degree divisible by p, namely the Steinberg character of S, of degree q. So it suffices to show that any χ ∈ Irr(G | V ) has degree q 2 − 1. Fix a nontrivial character λ ∈ Irr(V ). Since S acts transitively on the nonzero vectors of V and V * , the stabilizer of λ in G is a subgroup I of order |G|/(q 2 −1) = q 3 ; in particular, P := I /V ∈ Syl p (S). Also we have that χ = µ G for some µ ∈ Irr(I |λ). Thus the map µ → µ G yields a bijection between Irr(I |λ) and Irr(G | V ).
(2) It suffices to show that there is at least one χ ∈ Irr(G | V ) of degree q 2 − 1. Indeed, if this is the case then there exists ν ∈ Irr(I ) such that ν| V = λ. Now by Gallagher's theorem, Irr(P|λ) = {νγ | γ ∈ Irr(I /V )} consists of exactly q characters, all of degree 1 as P is elementary abelian of order q. It follows that all characters in Irr(G | V ) have degree q 2 − 1. (3) Assume that the extension G = V S is split. Then I splits over V and so I / Ker(λ) is a split extension of V / Ker(λ) ∼ = C p by P. Since P fixes λ, P centralizes V / Ker(λ), whence I / Ker(λ) is abelian. Hence all irreducible characters of I / Ker(λ) are of degree 1 and so are all characters in Irr(I |λ), whence we are done as in (2).
Suppose now that the extension G = V S is nonsplit. It follows that H 2 (S, V ) = 0. By a result of McLaughlin (see [Sah 1977, Proposition 4.4] ), this can happen only when p = 2 and f ≥ 3. In the exceptional case, H 2 (S, V ) = ‫ކ‬ q , and so there is a unique (up to isomorphism) such nonsplit extension. By [Kostrikin and Tiep 1994, Theorem 1.3.7] , this nonsplit extension can be realized as the commutator subgroup of the group of all automorphisms of the standard orthogonal decomposition of the complex simple Lie algebra ᏸ of type A q−1 . Now the action of G on ᏸ gives rise to a faithful irreducible representation of degree dim(ᏸ) = q 2 − 1, and so we are done by (2) .
In what follows we will keep the notation from conclusion (ii) of Proposition 2.2.
Lemma 2.4. Let p = 3 and suppose that G is an NP1-group with a normal subgroup N ∼ = S 5 or M 11 . Then G = N .
Proof. Certainly N G and N has an irreducible real-valued character α of odd degree α(1) = 3 or 45. Since N is perfect, o(α) = 1. By [Navarro and Tiep 2008, Theorem 2.3] , α extends to I := I G (α). Hence, by Gallagher's theorem, there is a bijection between Irr(I |α) and Irr(I /N ). On the other hand, Irr(G|α) lies in a bijective correspondence with Irr(I |α), and every χ ∈ Irr(G|α) has degree divisible by 3. It follows that |Irr(I /N )| = 1, and so I = N ≤ N . In particular, I = I N (α). Now observe that N , and so G, acts transitively on the set X of irreducible characters of N of degree equal to α(1). It follows that [G : I ] = |X | = [N : I ], whence G = N .
In the situation of Proposition 2.2(ii), we set G 1 = G if G/K = M 11 , and let G 1 be the unique subgroup of index 2 containing K if G/K = S 5 (so that G 1 /K = A 5 ).
Lemma 2.5. Let G be an NP1-group satisfying conclusion (ii) of Proposition 2.2. Let R G be such that G/R is 3-solvable. Then R ≥ G 1 .
Proof. Note that G/K R is a 3-solvable quotient of G/K = S 5 or M 11 , hence K R ≥ G 1 . Assume first that K R = G. Then G/(K ∩ R) contains the normal subgroup R/(K ∩ R) ∼ = G/K , and G/(K ∩ R) is certainly an NP1-group. By Lemma 2.4, R/(K ∩ R) = G/(K ∩ R) and so R = G.
We may now assume that G/K = S 5 and K R = G 1 . Again H := G/(K ∩ R) is an NP1-group with the normal subgroup M := R/(K ∩ R) ∼ = A 5 . Then H has a unique irreducible character ρ of degree divisible by 3. It follows that H acts transitively on the set {α, β} of irreducible characters of degree 3 of M; in particular, I := I H (α) has index 2 in H . As in the proof of Lemma 2.4, we see that the real character α extends to I , and there is a bijection between Irr(H |α) and Irr(I /M). Since H is an NP1-group, it follows that I = M, and so Lemma 2.6. Let G be an NP1-group satisfying conclusion (ii) of Proposition 2.2. Then K is solvable.
Proof. Assume the contrary: L/M is a nonabelian chief factor of G in K /U . Certainly G/M is also an NP1-group. So, modding out by M we may assume that M = 1 and that L = T 1 × · · · × T n is a minimal normal subgroup of G, with T i ∼ = T , a nonabelian simple 3 -group. Now G acts on the set {T 1 , . . . , T n } inducing a transitive subgroup X of S n .
First suppose that p divides |X |. By [Casolo and Dolfi 2009, Lemma 8] we can relabel the factors T i and find 1 ≤ k ≤ k + l ≤ n such that Stab X ({1, 2, . . . , k}, {k + 1, k + 2, . . . , k + l}) has index divisible by p in X . It follows that N := N G (T 1 × T 2 × · · · × T k , T k+1 × T k+2 × · · · × T k+l ) has index divisible by p in G. Also, since T is simple nonabelian, we can find α, β ∈ Irr(T ) of distinct degrees larger than 1. Consider the irreducible character
of L. Then I G (γ ) ≤ N and so has index divisible by p in G, contradicting Proposition 2.2.
We have X is a p -group. Thus X = G/Y is a 3 -group, if Y denotes the kernel of the action of G on {T 1 , . . . , T n }. By Lemma 2.5, Y ≥ G 1 ; in particular, |X | ≤ 2 and so n ≤ 2. Recall that T is a simple nonabelian p -group. Hence the condition n ≤ 2 now implies that Aut(L) ≤ Aut(T ) S 2 is 3-solvable, whence G/C G (L), as a subgroup of Aut(T ), is also 3-solvable. Again by Lemma 2.5, C G (L) ≥ G 1 . Since
contains L and so L is abelian, a contradiction. Lemma 2.7. Let S = M 11 , p = 3, and let r be a prime. Let G be an NP1-group with a minimal normal r -subgroup V such that G/V = S. Then V = 1.
Proof. Assume the contrary: V = 1. Identify Irr(V ) with the dual module V * . By Proposition 2.2, every nonzero v ∈ V * is fixed by a Sylow 3-subgroup of S. We will view V as an absolutely irreducible ‫ޅ‬S-module of dimension n, where ‫ޅ‬ := End S (V ) = ‫ކ‬ t for some power t of r . If n = 1, then V ≤ Z(G), V = C p , and G ∼ = V × S (as S has trivial Schur multiplier), contradicting Lemma 2.4. So we will assume n ≥ 2 and estimate the number N of nonzero elements of V * that are fixed by a Sylow 3-subgroup P of S. Let g ∈ S have order 3. As mentioned in [Guralnick and Saxl 2003] , S is generated by three conjugates of g. Hence by [Guralnick and Tiep 2005, Lemma 3 .2], g can fix at most t 2n/3 elements of V * . It follows that N ≤ t 2n/3 − 1. Also note that S has 55 Sylow 3-subgroups. Consider the case r = 3. Then n ≥ 9 if r = 11 and n ≥ 10 otherwise (see [Jansen et al. 1995] ). Since 55N ≥ t n − 1 = |V * \ {0}|, we must have that r = 2 and n ≤ 21. In the remaining cases, using Brauer characters as given in [Jansen et al. 1995] , we see that g can fix at most 2 4 elements of V * . Thus N ≤ 2 4 − 1 < (2 10 − 1)/55 ≤ (t n − 1)/55, again a contradiction. Now suppose r = 3; in particular, n ≥ 5. If t ≥ 9, or if t = 3 but n ≥ 10, then again 55N < t n − 1, again a contradiction. Thus t = 3 and n = 5. Note that M 11
